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INTRODUCTION 
rn 
I n  a s ing le -ax i s  gyroscope, t h e  i d e a l  gimbal axis suspension should be completely 
un res t r a ined .  Considering t h e  output  axis, t h e  read-out s i g n a l  is  usua l ly  t h e  gyros- 
topic torque ,  i f  t h e  suspension has  a torque about t h e  output  a x i s ,  i t  would b e  
included i n  t h e  read-out measurement and would c o n s t i t u t e  an  output  e r r o r .  There- 
f o r e  i n  designing gimbal axis suspension system, i t  i s  of major importance t o  
minimize i t s  inhe ren t  torque,  which w i l l  be  c a l l e d  t h e  e r r o r  torque. 
~ 
F l u i d  f i l m  bear ings  possessing p e r f e c t  symmetry do no t  produce e r r o r  to rque ,  which, 
however, is  o f t e n  caused by manufacturing t o l e r a n c e s .  I n  an e x t e r n a l l y  p re s su r i zed  
gas  bear ing ,  f o r  i n s t ance ,  causes f o r  e r r o r  to rque  inc lude  feeding flow unbalance,  
s u r f a c e  blemish, and gap e l l i p t i c i t y .  It is  reasonable  t o  expect t h a t  e r r o r  torque 
can be caused by manufacturing to l e rances  i n  a squeeze-film gas bear ing  i n  much t h e  
same way. This  work i s  intended t o  g a i n  some knowledge on t h e  mechanisms and t o  de- 
velop means f o r  e s t ima t ing  t h e  magnitude of e r r o r  torque i n  a squeeze-film bear ing .  
A c y l i n d r i c a l  geometry w i l l  be  assumea f o r  t h e  bear ing ,  and t h e  squeeze. frequency 
w i l l  be  assumed t o  be  s u f f i c i e n t l y  l a r g e  t o  p e r m i t  a n  asymptot ic  a n a l y s i s  (Ref. 2 ) .  
- 
Three types of t o l e r a n c e  e f f e c t s  w i l l  be  treated. Out-of-roundness of e i t h e r  t h e  
j o u r n a l  o r  t h e  bear ing  o r  both would make t h e  bear ing  gap non-uniform even when t h e  
bear ing  i s  unloaded. A t h i r d  to l e rance  effect  i s  r e l a t e d  t o  t h e  squeeze motion, i n  
t h e  event  of dissymmetry i n  e i t h e r  t h e  s t r u c t u r e  o r  t h e  mounting c o n s t r a i n t s  o r  t h e  
presence  of appendages a t t ached  t o  t h e  t ransducer  of t h e  squeeze-fi lm bea r ing ,  t h e  
squeeze motion may l o s e  r o t a t i o n a l  symmetry. An earlier s tudy which t r e a t e d  only 
out-of-roundness i n  t h e  bear ing  (Ref. 1 )  showed no r e s u l t i n g  e r r o r  torque.  The 
p resen t  s tudy  w i l l  cons ider  two a d d i t i o n a l  e f f e c t s  as w e l l  as t h e  i n t e r a c t i o n  a n n g  
t h e  t h r e e .  
-2- 
BASIC EQUATIONS 
L e t  us cons ider  a c y l i n d r i c a l ,  squeeze-fi lm j o u r n a l  bear ing  of f i n i t e  l eng th .  
Using c y l i n d r i c a l  p o l a r  coord ina te s ,  t he  i so the rma l  Reynolds' Equation i s :  
. 
a a ,(H3P ?k ) u - (PH) (1) . . . . . . . . . . . . .  a ap a e  a e  )+az az a T  - (H3P - 
where 
1 2 v Q  R u =  ( c ) = squeeze number 
P a  1 
T =  6? t = dimensionless time . . . . . .  (2) J z = z*/R = dimensionless axial  coord ina te  
S ince  t h e  j o u r n a l  and t h e  bear ing  are not  p e r f e c t l y  c i r c u l a r  i n  shape, w e  assume 
t h a t  t h e  r a d i i  of t h e  j o u r n a l  and t h e  bear ing can be expressed as [ R  + e* cos2 
(&a), and R + C + e* cos2 (e-B) 
j o u r n a l ,  e* and e* rep resen t  t h e  r e s p e c t i v e  e l l i p t i c i t i e s ,  and ct and f3 i n d i c a t e  
1 2 
t h e  o r i e n t a t i o n s  of t h e  r e s p e c t i v e  major axes .  Furthermore, w e  s h a l l  a l low e l l i p -  
t i c i t y  i n  t h e  squeeze motion. Thus, w e  can express  t h e  dimensionless  f i l m  th i ckness  
1 
r e spec t ive ly .  Here, R is t h e  mean r ad ius  of t h e  ' [  2 1 
11 + a cos2 (e+) cos'c 
. . . . . . . . . . . . . . . .  ( 3 )  
3 H = 1 + s 0  I 
+ 0 cose + 5  COS^ (e-e,) 
where 
-1 
c = [e2 + e2 - 2 e e cos2 (a-611 . . . . . . . . . . . . . . . .  
1 2 1 2  
e s i n 2  B - e s i n 2  a ( 4 )  
e 2  = % tan-' e cos2 - e cos2 a . . . . . . . . . . . . . . . .  
2 1 
One can see from Eq. ( 4 )  t h a t  t h e  l a s t  term of Eq. ( 3 )  is  t h e  combination of t h e  
j o u r n a l  and t h e  bear ing  e l l i p t i c i t i e s .  The q u a n t i t y  a is  t h e  e l l i p t i c i t y  of e%cursion 
ampli tude.  When a = 0, t h e  squeeze motion i s  i n  i t s  "hoop" mode of uniform excursion.  
The rl cos8 i s  t h e  usua l  e c c e n t r i c i t y  term. 
The boundary condi t ions  of Eq. (1) are 
P ( z l , e , ~ )  = 1 . . . . . . . . . . . . . . . . . . . . . . . . .  (5) 
P ( Z 2 , e , T )  = 1 . . . . . . . . . . . . . . . . . . . . . . . . .  (6) 
P ( z , e , ~ )  = P ( z , e  + h , T )  . . . . . . . . . . . . . . . . . . . .  (7)  
( 8 )  
ap ( z , e ,T )  = ap ( z , e  + 2n,T) . . . . . . . . . . . . . . . . .  a e  a e  
I n  a d d i t i o n ,  P s a t i s f i e s  t h e  condi t ion  of p e r i o d i c i t y  i n  t i m e ,  
P ( z ,e , - r )  = P ( Z , e ,  + 2 n )  . . . . . . . . . . . . . . . . . . .  (9) 
Since  t h e  squeeze number, a ,  i s  t y p i c a l l y  very l a r g e ,  t h e  asymptot ic  s o l u t i o n  (u+m)is  c 
i n t e r e s t .  A gene ra l  t rea tment  of squeeze-film bear ings  us ing  t h e  asymptot ic  method 
i s  g iven  i n  Reference 2.  I n  Reference 3,  a s p e c i a l  a p p l i c a t i o n  of t h i s  method is 
made f o r  j o u r n a l  bear ings .  We s h a l l  r e c a p i t u l a t e  t h e  asymptot ic  a n a l y s i s  i n  
Appendix A f o r  completeness.  A s  u+m, Eq. (1) reduces t o  
(11) a 
a T  
- (PH) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . .  
o r  
= ym (2 , e > ,  a s u -  . . . . . . . . . . . . . . . . . . . .  (12) 
where 
1 5 PH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  13)  
The governing d i f f e r e n t i a l  equat ion  f o r  Ym is, as shown i n  Appendix A ,  
(HoYm2) - 3Ym2 - a a az i a ~  + - 1 -  
aHo - 
( H ~ ' Y ~ ~ )  - 3ym2 - a e  
where H is t h e  time-average of H,  
0 
t 2 T  
Ho = = k j0 H dT 
= 1 + case + 5 cos2 (e-e . . . . . . . . . . . . . . . . . .  (15) 
2 
The a symtp to t i c  s o l u t i o n  Ym is a good approximation t o  t h e  problem, except  i n  t h e  
narrow reg ions  near  t h e  edges.  i n e s e  I i a r L u w  regions are r e f s r r e d  to as the b ~ u n d z r -  J 
l a y e r s ;  t h e  e x t e n t  of which is  of t h e  o rde r  of 1/6. 
-. 
The a p p r o p r i a t e  boundary condi t ions  for Ym a t  z and z are 
1 2 
J2"" H3 (zi,8,-r) d.r 
0 
2 ( i  = 1 , 2 )  . . . . . . . . . . .  (16) 
2n Ho(Zi,B) ym (zi ,  e>  = 
us ing  a mass conten t  r u l e  der ived  i n  Appendix B.  
Since  both P and H and t h e i r  f i r s t  de r iva t ions  are p e r i o d i c  i n  8 ,  w e  have 
Yq) ( z , 8 )  = YoD ( z , 8  +   IT) . . . . . . . . . . . . . . . . . . . . . (17) 
ayq) ( z ,  e )  aYoD ( ~ , e  + ZT) . . . . . . . . . . . . . . . . . . . . (18) P a e  ae  
I -5- 
I 
PERTURBATION SOLUTION - SMALL a ,  5 ,  AND n .  
The asymptot ic  s o l u t i o n  Ym governed by E q .  (14) and s u b j e c t  t o  boundary cond i t ions  
(16) ,  (17) and (18) w i l l  be  so lve& i n  t h i s  s e c t i o n .  For small a ,  5 and 0 ,  w e  can 
s o l v e  t h e  problem by t h e  p e r t u r b a t i o n  methou and expand 
= Go(z) + a G1(zY8) + 5G2(z,8) +nG3 ( z , e )  . . . . . . . . . (19)  2 yo3 
S u b s t i t u t i n g  E q .  (19) i n t o  Eq .  ( 1 4 )  and c o l l e c t i n g  terms of t h e  same power of a ,  5 
and n ,  w e  o b t a i n  
d2Go -m = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . .  (20) 
a 2 6  a 2 G 1  + + '7g = 0 . . . . . . . . . . . . . . . . . . . . . . (21) 
a2G2  a 2 G 2  
5-7- 0 
a 2 G 3  a 2 G  3 
57 0 
+ '3 = - 8 G  COS^ (+e2>  . . . . . . . . . . . . . . (22) 
aZZ- = - 2 ~  c o s e . .  . . . . . . . . . . . . . . . . (23) 
The boundary condi t ions  are,  from Eq .  (16) 
2 3 
2 0  
yyo0 (z i ,e)  = H~~ (z i ,e> + - E (zi) .t a cos2 ( e - e l ) l  
= [i + - 3 E 2 (2i) j  + a [ 3  COS^ (e -e l ) l  2 0  
+<[2  COS^ (e-e2)]  + d 2  cos81 . . . . . . . . . . . . . (24) 
Thus, we have t h e  fol lowing boundary condi t ions  ( i  = 1 , 2 )  : 
3 
2 0  Go (z i )  = 1 + - E (zi) . . . . . . . . . . . . . . . . . . . . . . (25) 
G~ b y e )  = 3  COS^ ( e - e l )  . . . . . . . . . . . . . . . . . . . . (26) 
G~ ( z i , e )  = 2  COS^ (&e2)  . . . . . . . . . . . . . . . . . . . . . . (27) 
G~ (z i ,e j  = 2  COS^ . . . . . . . . . . . . . . . . . . . . . . . . . (28) 
I n  a d d i t i o n ,  w e  have t h e  p e r i o d i c i t y  condi t ion  i n  (3 f o r  a l l  G-functions. Now w e  
assume t h a t  excursions are uniform i n  z ,  s o  t h a t  i s  a cons t an t .  The s o l u t i o n s  
' -  s u b j e c t  t o  t h e  above cond i t ions  are r ead i ly  obta ined .  
- 6- 
Go = l + ~  3 2E . . . . . . . . . . . . . . . . . . . . . . . .  (29) 
0 
2 c0sh2 z 
€0 cosh2 R cos2 ( e+)  . . . . . . . . . . . . . . . .  (30) G 1  = 
I 
cosh2 + 2 G ; ] ~ O S ~  (e-e,) . . . . . . . . . . .  (31) 
[ 2  cosh2 R G2 = 
c o s h .  z + 2 Go]cos€l . . . . . . . . . . . . . . .  (32) G3 = [ 2  (l-Go) cash g 
where 
L/2 . -R ; 2 2  = -  . 11 . . . . . . . . . . . . . . . .  (33 )  
z 1 = - -  R R 
-L/2 
Here, w e  have assumed that  t h e  bear ing  is of l e n g t h  L and t h e  o r i g i n  i s  taken  a t  
t h e  middle p lane  ( s e e  Fig.  1 ) .  
The p r e s s u r e  d i s t r i b u t i o n  f o r  t h e  asymptotic problem ( l a r g e  a )  i s  obta ined  from: 
' a 12 Go cosh2 R -" 
+ 1 cos2 ( e - e 2 >  1 cosh2 z G cosh2 R 
. . . . . . . . . . . . .  (34) cosh z 
cosh R 
0 
where 
E = E [ 1 + a c o s 2  ( & e 1 ) ]  . . . . . . . . . . . . . . . . . .  ( 3 5 )  
0 
Torque C a l c u l a t i o n  
The tcjrque a c t i n g  on t h e  j o u r n a l  i s  cont r ibu ted  j o i n t l y  by t h e  p r e s s u r e  f o r c e  and 
by t h e  v iscous  s h e a r  f o r c e .  
A .  P r e s s u r e  Torque 
It is  clear  t h a t  f o r  a p e r f e c t l y  c i r c u l a r  j o u r n a l ,  t h e  p r e s s u r e  f o r c e  always passes  
through t h e  c e n t e r  o f  t h e  j o u r n a l ;  consequently,  t h e r e  w i l l  be  no torque  due t o  t h e  
a c t i o n  of the p r e s s u r e  f o r c e s .  
I n  o r d e r  t o  c a l c u l a t e  t h e  p r e s s u r e  torque,  l e t  us f i r s t  o b t a i n  an express ion  f o r  
t h e  normal v e c t o r  of an  e l l i p t i c  j o u r n a l  which i s  represented  by 
. . . . . . . . . . . . . . . . . . . .  r = R + e* cos2 (&a) ( 3 6 )  
1 
+ -+ 
Denote t h e  r a d i a l  and circuinferLntid1 u n i t  v e c t o r s  by r and 8 ,  and t a n g e n t i a l  and 
normal u n i t  v e c t o r s  t and n ( s e e  Fig.  2 ) .  Thus, 
-+ -+ 
+- ; d ‘ + 3  & t =  . . . . . . . . . . . . . . . . . . . . .  ds  ds  
+- ;e + - d r  n =  - e  - ds . . . . . . . . . . . . . . . . . . . . .  ds  
where ds =: d ( d r ) L  + (rd8)’ 
From E q .  (36) w e  have 
d r  = - 2 e* s i n 2  (&a) de . . . . . . . . . . . . . . . . . . .  
1 
so  t h a t  
ds  = de d[2e* s i n 2  (e-a)IL + rL 
1 
S u b s t i t u t i n g  E q s .  (36) and (39) i n t o  (38) ,  
b b 
+A+ 3  1 -+ n =  r . . . . . . . . . . . . . .  
d b L + b L  d b L + b L  
1 2 1 2 
where 
(37) 
(38) 
(39) 
. . . . . . . . . . . . . . . . . . . . . .  (41) I b = 2 e* s i n 2  ( e - a )  b = R + e* cos2 (&a) 1 1 2 1 
Since  t h e  p re s su re  f o r c e  on element rd8dz* is a c t i n g  i n  t h e  nega t ive  ;-direction, 
i t s  c i r c u m f e r e n t i a l  component may be  expressed as 
b 
J b L + b L  
1 2 
+- 
(-prdedz*n) 3-= - prdedz* . . . . . . . . . . . . . .  
Now t h e  time-averaged p res su re  torque  is 
dz* ” r ‘-prdeb (b + b 2, 
P 0 1 1 1  2 
Normalizing, w e  o b t a i n  
I n t e g r a t e  E q .  (44) wi th  r e spec t  t o  T, using E q .  (309) of Reference 4 
(43) 
- 8- 
where E = E [ 1 +  a cos2 (8-6 ) 3  . . . . . . . . . . . . . . . .  
1 0 
Using Eq. ( 3 4 )  and i n t e g r a t i n g  ( 4 5 )  w i t h  r e spec t  t o  z ,  w e  f i n d  
E2 3 T 
= - 6 {2R + a [ - cos2 (8-0 ) tanh 2R] 
PaLDR 2L 0 Go 1 
l-Go 
+ 5  [ -  tanh 2R + 2R] cos2 (0-8 ) 
+ r l  c2- tanhR + 221 cos0 I .  
GO 2 
GO 
l -Go 
de ( 4 7 )  1 
b 
r2 1. . . .  
JHoL - 
2 
{ a  J b Z + b ’  
1 
F i n a l l y ,  neg lec t ing  0 { (  C ) 2 ) ,  w e  integrate Eq. ( 4 7 )  and rearrange terms t o  o b t a i n  
T T T 
P =pi + p2 . . . . . . . . . . . . . . . . . . . . . .  (48) paLDR paLDR PaLDR 
where 
T 
PaLDR 
A =  
P 
- (C/R) e a A s i n 2  ( 0  -a) 
1 P 1 
(C/R).e 5 A s i n 2  ( 0  -a) 
1 P 2, 
. . . .  (48a) 
Shear Torque 
The time-averaged shea r  torque i s  
plT f L/2 (271 
dz* RdB . . . . . . . . . .  (49) dT -T =  S J o  21T J-L/2 
y“ = 0 
where u i s  t h e  v e l o c i t y  component i n  the +di rec t ion .  
The 8-momentum equat ion is  
-9- 
au - 
ay* 
( 5 0 )  a 2~ = u a y ” ’  k . . . . . . . . . . . . . . . . . . . . . . . . . .  Ra e 
(51) - ‘Pa ap  - - -  . . . . . . . . . . . . . . . . . .  
y* = 0 2R ae 
which i s  t h e  same equat ion  used t o  der ive  t h e  Reynolds Equation (1 ) .  Note t h a t  i n  
Eq. (50) w e  have neglec ted  t h e  non-linear convect ion terms f o r  s m a l l  Reynolds’ 
number flow and t h e  time-dependent term p- . Observe t h a t  t h e  va lue  of t h e  r a t i o  
between p - 
IL = 5 x 10 
time-dependent terms i n  t h e  momentum equat ion is  indeed n e g l i g i b l e  even a t  t h i s  high- 
frequency o s c i l l a t i o n .  
a U  
a t  . For Q= 20,000 cyc le s / sec ,  C = i n ,  is  of t h e  order  of - au a &  and p 7a t  -3 a Y  * P I P  
f t 2 / s e c s  w e  o b t a i n  a t y p i c a l  va lue  of - - 0.06. Therefore ,  t h e  
P P I P  
Equation (50) toge the r  wi th  t h e  no-s l ip  cond i t ion  r e s u l t s  i n  
Combining ( 4 9 )  and (51) ,  and normalizing, w e  ob ta in  
H z d e  (52) - = - -  TS d? dz* j2” a’ . . . . . . . . .  
L / 2  0 PaLDR 8vLR 
Note t h a t  i n  Eq. ( 4 9 )  w e  i n t e g r a t e  t h e  shear  stress around t h e  j o u r n a l  as i f  i t  
were p e r f e c t l y  c i r c u l a r .  It is  seen from t h e  above equat ion  t h a t  t h e  u n i t  shear  
to rque  is of t h e  o r d e r  of - . A more accu ra t e  express ion  of t h e  j o u r n a l  s u r f a c e  
would only r e s u l t  i n  higher-order  modi f ica t ion .  Thus, Eq. ( 4 9 )  and consequently 
Eq. (52) are accura t e  t o  t h e  f i r s t  order  of C/R .  
C 
R 
I n t e g r a t e  Eq. (52) by p a r t s ,  
% L/2 
= -  
o H +E COST 
0 
87rLR I-,,, dz* 1:’ d e  r‘ 
Now, i n t e g r a t e  f i r s t  wi th  r e spec t  t o  z then wi th  r e spec t  t o  z* and 8 .  The r e s u l t  
i s  
-10- 
- - -  a 5 A~ s i n 2  ( e  -e . . . . . . . . . . . . . . . . .  - ( 5 4 )  
PaLDR R 2 1  
S 
1-Go . . . . . . . . . .  ( 5 4 4  R 
AS 2 0  
Thus, t h e  t o t a l  dimensionless to rque  i s  
. . . . . . . . . . . . . . . . . .  ( 5 5 )  
wi th  t h e  r i g h t  hand s i d e  g iven  by Eqs .  ( 4 8 )  and ( 5 4 ) .  
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RESULTS 
The combined e l l i p t i c i t y  and phase angle  ( 5  and e2) of t h e  j o u r n a l  and t h e  
bea r ing ,  as expressed by Eq. (4) are ca l cu la t ed  and g raph ica l ly  shown i n  Figs .  
3 and 4; and As of Eqs. (48) and (54) r e s p e c t i v e l y ,  are p l o t t e d  
i n  Fig.  5 f o r  va r ious  va lues  of L/D. Both A and As i nc reases  wi th  E . A f a c t o r  
resembling A of Eq. (48) a l s o  appears  i n  t h e  u n i t  r a d i a l  s t i f f n e s s  c a l c u l a t i o n  
P 
of Ref. 3 .  I n  f a c t ,  according t o  Ref. 3 ,  t h e  u n i t  r a d i a l  s t i f f n e s s  of a squeeze- 
f i l m  j o u r n a l  bear ing  i s :  
The f a c t o r s  A 
P 
P 0 
1 tanh - L . . . . . ( 5 6 )  -+ '-2 + 3 - - 2R 
Go 
- -  
0 
kr - 2 Tr E 6 (1 - E02) 1 - E  
PaLD 0 0 
where k is  t h e  r a d i a l  s t i f f n e s s .  A comparison of Eqs. (48a) and (56) shows t h a t  
t h e  p r e s s u r e  torque  i s  p ropor t iona l  t o  t h e  u n i t  s t i f f n e s s  of a bea r ing  of twice 
t h e  l eng th .  I n  Fig.  5 ,  i t  i s  seen  t h a t  t h e  l eng th  e f f e c t  is  r e l a t i v e l y  s m a l l ,  
t hus  one can conclude t h a t  t h e  pressure  torque  i s  approximately p ropor t iona l  t o  
t h e  u n i t  s t i f f n e s s .  C lea r ly ,  one way t o  o b t a i n  high s t i f f n e s s  is t o  have a l a r g e  
excurs ion  r a t i o  E . I n  s o  doing, t h e  pressure  torque  would be  correspondingly 
" large".  Fig. 5 shows t h a t  t h e  shea r  torque a l s o  inc reases  wi th  E . Thus f o r  t h e  
same t o l e r a n c e s ,  any ga in  on t h e  s t i f f n e s s  by inc reas ing  t h e  excurs ion  r a t i o  i s  
always accompanied by a penal ty  of increased  e r r o r  torque.  The p resen t  a n a l y s i s  
i n d i c a t e s  t h a t  a bear ing  of high s t i f f n e s s  and low e r r o r  to rque  can come about 
only through t o l e r a n c e  c o n t r o l  i n  t h e  abso lu te  sense.  
r 
0 
0 
It i s  seen from Eqs. (48) and (54) t h a t  
1. I f  el = 0 (no j o u r n a l  e l l i p t i c i t y ) ,  t h e  "pressure  torque' '  is  zero .  There would 
be  a "shear  torque" i f  both bear ing and excursion e l l i p t i c i t i e s  are p r e s e n t .  
2. I f  e2 = 0 (no bea r ing  e l l i p t i c i t y ) ,  t hen  T 
e l l i p t i c i t i e s  are requi red  f o r  non-vanishing T 
= 0. Both j o u r n a l  and excursion 
P2 
and Ts. 
P1 
3 .  I f  a = 0 ,  (no excursion e l l i p t i c i t y ) ,  then  T - = 0. Combination of t h e  P1 - Ts 
j o u r n a l  and t h e  bea r ing  e l l i p t i c i t i e s  may r e s u l t  i n  a p res su re  torque  T . 
Nei the r  t h e  "p res su re  torquef i  nor  t h e  ' 'shear torque' '  are a f f e c t e d  by t h e  r a d i a l  
e c c e n t r i c i t y .  
P2 
4.  
-12- 
T 
The f i r s t  p a r t  of p re s su re  torque  -which is  due t o  j o u r n a l  e l l i p t i c i t y  and 
excursion e l l i p t i c i t y ,  i s  p l o t t e d  i n  Fig.  6 as a func t ion  of 8 wi th  t h e  rest of 
t h e  parameters f ixed .  It is  obviously a double s i n e  curve.  Its va lue  is  zero  when 
8 = 0 ,  90°, 180°, i .e.  when t h e  major (o r  minor) a x i s  of excursion e l l i p t i c i t y  
co inc ides  wi th  e i t h e r  t h e  major o r  t h e  minor a x i s  of j o u r n a l  e l l i p t i c i t y .  
PaLRD 
1 
1 
S 
T T 
and - can, of course ,  be  p l o t t e d  s i m i l a r l y ,  b u t  are omit ted he re .  
PaLDR PaLDR 
The t o t a l  dimensionless torque is  p l o t t e d  a g a i n s t  B i n  F igure  7.  Recall t h a t  e 
and B are t h e  r e s p e c t i v e  s p a t i a l  phase angles  i n d i c a t i n g  p o s i t i o n  re la t ive t o  t h e  
j o u r n a l  e l l i p t i c i t y .  It is  t h e r e f o r e  q u i t e  clear t h a t  once t h e  t ransducer  i s  mounted 
on t h e  housing, t h e r e  is  a f i x e d  s p a t i a l  phase angle  between 8 1  and 8 .  The var ious  
6 curves i n  F igure  7 are r e spec t ive ly  f o r  8 = B ,  B + 45',B + 90 , B + 135O, B + 180' 
1 
wi th  equal  magnitudes i n  j o u r n a l  bear ing and excursion e l l i p t i c i t i e s .  The t o t a l  
dimensionless  e r r o r  to rque  is  a minimum when 8 = B (or  e l=  B+180°), i .e .  when t h e  
major a x i s  of t h e  excursion e l l i p t i c i t y  co inc ides  wi th  t h e  major a x i s  of t h e  bear ing  
e l l i p t i c i t y ,  and a maximum when 8 = B + 90'. 
1 
1 
1 
For e = e = a = e and ci = 0 w e  can show t h a t  
1 2 
5 = e ( 2  (1 - c o s 2 ~ ) 1 4  = 2 e s in6  
m 
m I 
S C -- - ( 5 2 e2 A~ s i n 2  ( e  -e ) s in6  
PaLDR 2 1  
Thus , 
C - A ) sin28 + A s in26  = ( e2 { ( A ~  
L 
P PaLDR P 1 
+ As s i n 2  (6-8 ) I  . . . . . . . . . . . . . . (57) 
1 
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For a given s p a t i a l  phase ang le  between B and 8 , t h e  l as t  t e r m  of (57) is  a 
cons tan t .  I n  F igure  7 ,  t h e  curves f o r  8 
zero mean va lue  which i s  represented by t h e  las t  t e r m  of Eq. (57) .  Phys ica l ly ,  
t h i s  means t h a t  t h e r e  is  a torque i n  t h e  average sense  a c t i n g  on t h e  j o u r n a l .  
The j o u r n a l  w i l l  r o t a t e  i n  t h e  d i r e c t i o n  according t o  t h e  s i g n  of t h e  mean 
torque .  
0 1 
1 1 
= B + 45' and 8 = B + 135 have a non- 
Consider t h e  s i t u a t i o n  t h a t  t h e  t ransducer  is mounted on t h e  bear ing  housing 
wi th  p e r f e c t  symmetry. The excursion e l l i p t i c i t y  of t h e  t ransducer  is caused 
exc lus ive ly  by t h e  non-uniformity i n  t ransducer  w a l l  th ickness  ( see  F igure  8 ) .  
It is  seen  from Appendix C t h a t  t h e  ''hoop" mode of v i b r a t i o n  of t h e  t ransducer  
is s l i g h t l y  d i s t o r t e d .  The excursion ampli tude of t h e  th inne r  reg ions  (A and 
B) of F igure  8 is s l i g h t l y  g r e a t e r  than t h a t  of t h e  t h i c k e r  reg ions  (C and D 
of F igure  8) .  Thus, 8 i s  equal  t o  B and t h e  magnitude of t h e  e r r o r  to rque  
would b e  t h e  minimum p o s s i b l e  according t o  Fig. 7 .  Even s o ,  t h e  magnitude of 
t h e  e r r o r  to rque  f o r  t h e  AB-5 bear ing wi th  R = 2.75  c m ,  opera t ing  i n  a n  at- 
mospheric ambient would b e  about 40 dyne-cm. This  estimate should be  about 
one o r d e r  of magnitude too  conserva t ive  s i n c e  a c t u a l  t o l e rances  would have 
axial  v a r i a t i o n  and t h e  n e t  e f f e c t  should be  much smaller i n  magnitude than  
t h a t  due t o  an  a x i a l l y  uniform to l e rance .  
1 
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CONCLUSIONS 
On t h e  b a s i s  of t h e  a n a l y s i s  and t h e  r e s u l t s  considered i n  t h e  previous s e c t i o n s ,  
w e  conclude t h e  fol lowing:  
1. The asymptot ic  a n a l y s i s  of squeeze-film bea r ings  is s u i t a b l e  f o r  s tudying  
e r r o r  to rque  when CJ is  s u f f i c i e n t l y  l a r g e .  The inaccuracy involved i n  t h e  
asymptot ic  a n a l y s i s  is  of t h e  o rde r  of 1/6. 
2 .  A f i r s t  estimate of t h e  e r r o r  torque can b e  obta ined  by an  asymptotic a n a l y s i s  
cons ider ing  pe r tu rba t ion  e f f e c t s  of gap and excurs ion  e l l i p t i c i t i e s .  
3 .  Both p res su re  and shea r  stress a t  t h e  j o u r n a l  s u r f a c e  can cause e r r o r  torque.  
Within t h e  accuracy of t h e  asymptotic pe r tu rba t ion  a n a l y s i s ,  t h e  "pressure  
torque" r e q u i r e s  both gap and excursion e l l i p t i c i t i e s .  Also,  r a d i a l  e c c e n t r i c i t y  
does n o t  a f f e c t  e r r o r  torque d i r e c t l y .  
4 .  The magnitude of t h e  e r r o r  to rque  is  p ropor t iona l  t o  C/R and inc reases  wi th  E . 
The "pressure  torque" i s  d i r e c t l y  propor t iona l  t o  s t i f f n e s s  of a bear ing  of 
double length .  
0 
5. The t o t a l  magnitude of t h e  e r r o r  torque depends on t h e  i n d i v i d u a l  magnitude of 
each of t h e  t h r e e  types of e l l i p t i c i t i e s  and t h e  r e l a t i v e  o r i e n t a t i o n s  of t h e i r  
major axes.  I n  p a r t i c u l a r ,  i f  t h e  magnitudes of t h e  t h r e e  types of e l l i p t i c i t i e s  
are equa l ,  t h e  magnitude of t h e  t o t a l  torque i s  l a r g e s t  when t h e  major axis of 
t h e  bea r ing  e l l i p t i c i t y  co inc ides  with t h e  minor a x i s  of t h e  excurs ion  e l l i p -  
t i c i t y ,  and is  smallest when t h e  respec t ive  major axes co inc ide .  I n  e i t h e r  case  
t h e  t o t a l  torque i s  doubly pe r iod ic  wi th  t h e  ang le  between t h e  major axes of 
t h e  j o u r n a l  and bear ing  e l l i p t i c i t i e s  wi th  zero  average. I f  t h e  p r i n c i p a l  axes 
of t h e  bear ing  and excurs ion  e l l i p t i c i t i e s  do no t  co inc ide ,  then  t h e  torque  
would have a non-zero average so t h a t  t h e  j o u r n a l  would r o t a t e  cont inuously.  
6. Reduction of e r r o r  to rque  without  corresponding r educ t ion  i n  s t i f f n e s s  can 
be  most e f f e c t i v e l y  r e a l i z e d  by absolu te  t o l e r a n c e  c o n t r o l .  
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APPENDIX A: ASYMPTOTIC APPROXIMATION 
R e w r i t e  Eq. (1) i n  t h e  form 
- a (PH) = ; 1 {& (H3P ap ) + a (H3P )] . . . . . . . . . . . . .  (A-1) 
a T  .. a 
d ? .  AS 0 -+ m y  - (PH) = 0 . . . . . . . . . . . . . . . . . . . . . . . .  . ( A - 2 )  
o r  Y = Yo5 ( z , @  . . . . . . . . . . . . . . . . . . . . . . . . . .  (A-3) 
w h e r e Y z  PH . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (A-4) 
When 0 -f 03 , t h e  r i g h t  hand s i d e  of Eq. (A-1) which conta ins  a l l  t h e  space dev ia t ions ,  
vanishes ;  t h i s  c l e a r l y  i n d i c a t e s  a s i n g u l a r  p e r t u r b a t i o n  phenomenon. The asymptot ic  
s o l u t i o n  Yco is  no t  uniformly v a l i d  throughout t h e  whole bear ing  f i lm.  More s p e c i f i -  
c a l l y ,  i n  t h e  narrow reg ions  nea r  t h e  edges, z = z and z = z , t h e  g rad ien t  (z-de- 
v i a t i v e s )  may be s o  s t e e p  t h a t  i n  Eq. (A-1) t h e  term - - (H3P 
o r d e r  as - ( Y )  . 
1 a z a p  
0 a Z  
) i s  of t h e  same 
a 
3.r 
These narrow reg ions  are c a l l e d  t h e  boundary l a y e r s ;  t h e  ex ten t  of which is  of 
tl?.e o rde r  of - . L e t  Y be t h e  edge c o r r e c t i o n  i n  t h e  boundary l a y e r s ,  then  e 1 6 
Y = \ye ( z ,  e , T )  + Y,, ( z , e )  . . . . . . . . . . . . . . . . . . . .  (A-5) 
I n  t h e  i n t e r i o r  of t h e  f i l m  (ou t s ide  the  boundary l a y e r s ) ,  Y=Ym is  a good approxi- 
mation, s i n c e  Y i s  important  only i n  the  boundary l a y e r s .  
During t h e  process  of reduct ion  from Eq. (A-1) t o  Eq. ( A - 2 1 ,  t h e  d i f f e r e n t i a l  equat ion  
l o s e s  two o rde r s  i n  z - d i f f e r e n t i a t i o n ,  consequently,  t h e  asymptotic s o l u t i o n  Y,, 
w i l l  n o t  s a t i s f y  t h e  two boundary condi t ions  (5) and ( 6 ) ,  page 2 . The boundary 
cond i t ions  t o  be  s a t i s f i e d  by Ym a t  z 
r u l e  which w i l l  be  d iscussed  later.  
e' 
and z 
1 2 
can only be determined by a m a s s  conten t  
I n t e g r a t i n g  Eq. (A-1) wi th  r e spec t  t o  T from o t o  271 w e  obta in  
The fo l lowing  i d e n t i t y  has  been used 
(A-7) 3 H3P d P = d (HY2) - y Y2dH . . . . . . . . . . . . . . . . .  
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. Neglecting t h e  edge c o r r e c t i o n  Y e  and using t h e  asymptot ic  approximation, Eq. (A-6) 
is  r e a d i l y  reduced t o  
a a H 
a e  a a e [ % (HoYm2) - 3Ym 2] + E[- az az  (HoYm2) - = 0 . . . (A-8) 
where H i s  t h e  time-average of H,  
0 
H d . c  
H = -  1 i'" 
0 2?T 0 
(A-9) = i +  ~ c o s e + ~ ~ 0 ~ 2 ( e - e )  . . . . . . . . . . . . . . . .  2 
The & w i s e  boundary condi t ions  r e q u i r e  t h a t  both Ym and i t s  d e r i v a t i v e  wi th  r e spec t  
t o  8 be p e r i o d i c  i n  8. The z-wise boundaries ,  however, are n o t  known e x p l i c i t e l y .  
Equation (5) and (6) are no t  u s e f u l  because a t  z = z and z = z 
Y 
be  der ived  which may be used as boundary condi t ions  f o r  Ym a t  z 
t h e  edge co r rec t ion  
1 2 
is important  bu t  unknown. I n  t h e  fol lowing s e c t i o n  a mass content  r u l e  w i l l  e 
and z . 
1 2 
- 1 7 -  
1 APPENDIX B:  BOUNDARY CONDITIONS FOR Ym. 
The boundary conditions for the asymptotic solution are derived in this section. 
We first integrate Eq. (A-6)  with respect to z ,  
A ( 8 ) .  (B-1 )  dr + dz' 12" d.r & [ & (HY2)- 3'y2 --= a H1:' [k (HY2)-3Y2 - 0 ae  ' 
where A ( e )  is an integration "constant". 
Integrate (B-1) with respect to z again, 
H Y 2 d r  = A ( 8 )  z + B (e)  + I ( z , e )  . . . . . . . . . . . . .  (B-2)  
where 
aH I ( z , e )  = 3 1: dz' 12" dr Y 2  - 
azl 
0 
1 
1 
and B ( 0 )  is another integration "constant". 
On the boundary we have, from Eqs. (5) and ( 6 ) ,  
Y (zi,e,r> = H (zi,e,~> (i=l, 2)  . . . . . . . . . . . . .  (B-4 )  
Evaluate Eq. (B-2 )  on the boundary, 
H3 (zi,8,-r) dr = A ( e )  zi + B ( e )  + I (zi,e) . . . . . . . .  (B-5) 1:' 
Now we use the asymptotic approximation and replace Y by Ym on the left hand side 
of Eq. ( B - 2 ) .  
ym2 ( z , e >  Hdr = A ( 0 )  z + B ( e )  + I ( Z , O )  . . . . . . . . .  (B-6)  
Let 6 z  
z =  z + 62 
1 
be the boundary layer thickness at z then we can evaluate Eq. (B-6) at 
1 1' 
1' 
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I 
z=z I 
I 1 
z=z 
2 
Figure B-1 
Since 6zl i s  of t h e  o rde r  of (o-'), t h e  r i g h t  hand s i d e s  of Eq. (B-7) wi th  i = 1 
are equal  i f  terms of 0 (o-') are neglected.  Thus, a comparison of (B-5) and (B-7) l e a d s  
t o  
H ( z  + 6 z  ,e,-c) d-c . .  .(B-8) f: 2 1 1 fIT 1 1 H3 ( z  , 0 , ~ )  d-c = 
i s  s m a l l ,  i t  is  reasonable  t h a t  w e  impose t h e  va lue  of Yco a t  z1 t o  be  
Ym2 ( z  + 6 z  ,e) 
Since  6 2  
1 
t h a t  a t  z + 6 z  . 
Thus , 
1 1 
\yco ( Z  + 6 2  , e )  = Y = ( Z  , e )  . . . . . . . . . . . . . . . . . .  (B-9) 
1 1 1 
S u b s t i t u t i n g  (B-9) i n t o  Eq. (B-8), w e  ob ta in  
f2' I ! 3 ( z ; 3 i F ) ~ 7 !  d.r 
0 /n-i n\ . . \ D . L U j  
2' Ho (Zl,O> Ym2 ( Z 1 A  = J 
(B-11) 
H 3  ( z 2 , 0 , . r )  d.r 
S i m i l a r l y  , 
\ym2 ( Z  ,e) = . . . . . . . . . . . . . . .  
2.n Ho (z ,e> 
2 
2 
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- APPENDIX C:  EXCURSION MODES OF A TRANSDUCER 
- The excursion modes of t h e  t ransducer  shown i n  Fig.  8 w i l l  be  analyzed h e r e  
according t o  a s i m p l i f i e d  model. 
While t h e  a n a l y s i s  is  only approximate, i t s  purpose i s  t o  f i n d  out  whether t h e  
t h i c k e r  reg ions  o r  t h e  t h i n n e r  reg ions  have l a r g e r  excurs ion  amplitude a t  i t s  
d i s t o r t e d  "hoop" mode. 
Using the  lumped-parameter method, t h e  masses of t h e  t h i c k e r  and t h e  th inne r  ends 
are represented  by (m + 6m) and (m - 6m) r e spec t ive ly  ( see  Figure C-1) .  From t h e  
geometr ica l  conf igura t ion  of Fig.  8 i t  i s  evident  t h a t  t h e  masses (m + 6m) are 
supported by weaker s p r i n g  (k - 6k) and the  smaller masses (m - 6m) are supported 
by s t r o n g e r  sp r ings  (k + 6k).  The fou r  sp r ings  wi th  s p r i n g s  wi th  s p r i n g  cons t an t ,  
s ay ,  k connect ing t h e  masses se rve  t h e  purpose of providing t h e  coupl ing between 
t h e  r e s p e c t i v e  masses. 
/- 
m- 6m 
+ 
X 
1 
t X 
n L 
Fig. C-1 Lumped-parameter diagram f o r  t h e  t r ansduce r  
shown i n  Fig.  8. 
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I n  analyzing t h e  s m a l l  v i b r a t i o n s  of t h e  system, l e t  us assume t h a t  
x l  = displacement of m - 6m . . . . . . . . . . . . . . . .  (C-1) x = displacement of m + 6m 
2 
C 
X 
0 r X 
I 
F igure C-2 
Now cons ider  t h e  geometry of masses C and B wi th  c e n t e r  p o s i t i o n  of t h e  system "0" 
as shown i n  F igure  C-2. The l eng ths  of the  r e s p e c t i v e  element are a l s o  shown the re .  
Now le t  t h e  mass A have a displacement x . Then t h e  r educ t ion  of l eng th  of t h e  
s p r i n g  CB i s  
2 
X 
X 
1 2  - ) =  - 
2 2  f i r  - Jr' + (r - x212 = f i r - f i r  ( I - -  2 r  
x2 
r n e g l e c t i n g  t h e  higher-order terms of - . 
S i m i l a r l y ,  
amount of - 
due t o  a displacement x at  B ,  t h e  sp r ing  CB reduces i t s  l eng th  by an 1 
x . Now w e  are ready t o  wri te  t h e  equat ion  of motion f o r  (m- 6m), 45- 
2 1  
fi fi 
2 (m - 6m) ;r' + (k + 6k) x + 2 {k 2 1 1 (x 1 + x2)  - = O 
The l a s t  f a c t o r  7 fi s t a n d s  f o r  t ak ing  t h e  component of t h e  sp r ing  fo rces  a long t h e  
x + (k + 6k) x + k(x +x ) = 0 . (C-2) - d i r e c t i o n .  Rearranging w e  have (m - 6,) 'x' 
1 1 1 1 2  
S i m i l a r l y ,  t h e  equat ion  of motion of (m + 6m) is  
( m + 6 m ) ' $  + ( k -  6k) x + k  (x + x 2 )  = 0 . . . . . . . . . .  
2 2 1 
Assume t h a t  x and x are of t h e  form 
1 2 
. . . . . . . . . . . . . . . . . . .  1 x = c s i n  ( u t  + CL) x = c s i n  ( u t  + CC) 1 1 
2 2 
where c and c c) are t h e  amplitudes and w, t h e  frequency. 
1 L 
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S u b s t i t u t i o n  of (C-4) i n t o  Eq. (C-2) and ((2-3) y i e l d s  
k c = 0 . . . . . . . . . . . . .  (C-5) (- .2 + m - 6 m  2 
2k - 6 k )  C = 0 . . . . . . . . . . . . . .  ((2-6) m + 6 m  2 c + m + 6 m  1 
Since (C-5) and (C-6) is a set  of two homogeneous equaf ions ,  t h e  determinant 
of t h e  c o e f f i c i e n t s  must vanish.  Expansion of t h e  determinant  r e s u l t s  i n  
+ 5 (2)2 + +  (61$2\ . . . . . . . . .  (C-7) m 2 
6k and - It is seen  from ((2-7) t h a t  6m neg lec t ing  t h e  higher-order terms of - m 
t h e  c h a r a c t e r i s t i c  frequency w of the  system i s  modified only i n  t h e  second-order 
k *  
6m 6k and - k *  i n  - m 
Therefore  w e  have, t o  t h e  f i r s t  o rder ,  
2k 
m 
,2 = - k 2 -  m . . . . . . . . . . . . . . . . . . . . . . . . .  
Take t h e  p lus  s i g n  i n  (C-8) which, as w e  s h a l l  see la ter ,  corresponds t o  t h e  
d i s t o r t e d  i*hoopt‘ mode, 
w =  4% . . . . . . . . . . . . . . . . . . . . . . . . .  (C-9) m 
S u b s t i t u t i n g  (C-9) i n t o  (C-5) and keeping terms up t o  t h e  f i r s t  o r d e r ,  w e  o b t a i n  
(C-10) C1 6m - =  1 + -  
c2 k . . . . . . . . . . . . . . . . . . . . . .  
Since  6k and 6m are p o s i t i v e  q u a n t i t i e s ,  
C 
1 > 1 > 0  . . . . . . . . . . . . . . . . . . . . . . . . .  ((2-11) 
c2 
Equat ions (C-10) and (C-11)  c l e a r l y  i n d i c a t e  a d i s t o r t e d  “hoop” mode of v i b r a t i o n ,  
t h e  m a s s  (m - 6m) has  la rgerampl i tude  than  t h e  mass (m + 6m).  Going back t o  
Fig.  8, t h e  t h i n n e r  reg ions  of t h e  t ransducer  have l a r g e r  amplitude than  t h e  
t h i c k e r  reg ions  a t  its d i s t o r t e d  “hoop” mode of v i b r a t i o n .  
- 2 2- 
NOMENCLATURE 
F 
H* 
H 
HO 
I 
L 
R 
P 
Pa 
P 
R 
T 
T 
P 
P1’ TP2 
T 
T 
s. 
T t o t a l  
t 
e l l i p t i c i t y  i n  excursion 
i n t e g r a t i o n  cons tan ts  
def ined  i n  Equations (48a) and (54a) 
def ined  i n  Equation (41) 
r a d i a l  c learance  
bear ing  diameter 
e l l i p t i c i t i e s  of t h e  j o u r n a l  and t h e  bear ing  
e *  e *  
C C 
dimensionless e l l i p t i c i t i e s ,  2 , -2 
bear ing  f o r c e  
def ined  i n  Equation (19) 
bear ing  f i l m  th ickness  
dimensionless f i l m  th ickness ,  H*/C 
def ined  i n  Equation (15) 
def ined  i n  Equation (B-3) 
bear ing  l eng th  
L/2R 
p res su re  
ambient p re s su re  
dimensionless pressure  p/p 
mean randius  of j o u r n a l  
torque 
p res su re  torque 
def ined  i n  Equation (48a) 
shea r  to rque  
t o t a l  to rque  
t i m e  
a 
U 
Y* 
Z* 
Z 
2 
Z 
1 
2 
a, B 
E 
0 
E 
5 
rl 
e 
- .  e1 
82 
T 
Y 
Q 
v e l o c i t y  i n  &di rec t ion  
coord ina te  perpendicular  t o  j o u r n a l  s u r f a c e  
a x i a l  coord ina te  
dimensionless a x i a l  coordinate ,  z*/R 
- L/2 
L/2 
R 
R 
s p a t i a l  phase angles  i n d i c a t i n g  relative o r i e n t a t i o n  of 
j o u r n a l  and bear ing  
amplitude of excursion 
normalized excursion amplitude,  E */C 
E [l + a cos2 (8-81)] 
combined e l l i p t i c i t y ,  def ined  i n  Eq. (4) 
e c c e n t r i c i t y  (normalized wi th  r e spec t  t o  C) 
angular  coord ina te  
s p a t i a l  phase angle  of excursion e l l i p t i c i t y  
s p a t i a l  phase ang le  of combined e l l i p t i c i t y  of j o u r n a l  
and bear ing ,  def ined  i n  Eq.( 4 
v i s c o s i t y  
dens i ty  
0 
0 
squeeze number = 
dimensionless t i m e ,  Qt 
PH 
asymptot ic  s o l u t i o n  of Y 
squeeze frequency 
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I = R + C + e; cos 2 ( 8 - B )  
Fig.  8 Diagram i l l u s t r a t i n g  non-uniform th i ckness  of t h e  transciucer 
